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Abstract-An analytical model based on the principle of minimum potential energy is developed and 

applied to determine the two-dimensional thermoelastic stress state in cross-ply composite laminates 

containing multiple equally spaced transverse cracks in the 90° plies and subjected to tensile loading in 
the longitudinal direction. The model provides full field solution for displacements and stresses including 
the residual thermal stresses which in turn are used to calculate the strain energy release rate associated 
with various failure modes. The strain energy release rate criterion has been employed to evaluate the 
critical applied stresses for two of the possible fracture modes; self-similar extension of a pre-existing 
flaw and the formation of a new parallel crack. The computed results indicate that formation of new 
cracks never takes place until pre-existing cracks extend through the entire thickness of the 90° plies. The 

predicted results of transverse crack density are in good agreement with the available experimental data. 

Keywords: Transverse cracking; stiffness; energy release rate; cross-ply laminates; critical stress; crack 

density. 

1. INTRODUCTION 

In most continuous fiber cross-ply composite laminates, transverse matrix cracking or 

microcracking takes place in the 90° plies at strain levels which are very small com- 

pared to the ultimate failure strain of the laminate. In general, these transverse matrix 

cracks are equally spaced in the longitudinal direction. This phenomenon has been ob- 

served in polymer matrix composites by Garrett and Bailey [1], Parvizi et al [2], Bai- 

ley et al. [3], Highsmith and Reifsnider [4], Crossman and Wang [5], Wang et al. [6], 

Wang [7], Ogin et al. [8], Smith and Wood [9], and Liu and Nairn [10]. They have 

found that transverse matrix cracking typically starts at low strain levels in the weak- 

est 90° plies and manifests in continual drop in the laminate stiffness with either 
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increased or repeated loading. Dvorak and Johnson [I I] have observed that in metal 

matrix composite laminates, matrix cracking appears to be caused only by cyclic loads 

which exceed the shakedown limit of the laminate. The crack patterns and densities 

are generally similar to those found in polymer matrix systems. Transverse matrix 

cracking in ceramic matrix composites has been observed by Seerat-un-Nabi and Der- 

by [ 12], Pryce and Smith [ 13] and Mall and Bachmann [ 14]. Although the formation 

of transverse cracks does not precipitate into catastrophic failure, their presence can 

be very undesirable. They may not only cause a decrease in laminate stiffnesses 

[4, 15-22], but also alter the thermal properties [23-25]. The stiffness-reduction 

and the change in thermal expansion coefficients have been related to the density of 

transverse cracks in the 90° plies. 
It is well known that the transverse crack density depends on the applied load, the 

configuration and mechanical properties of composite laminates. The growth of trans- 

verse cracks in composite laminates can be looked upon as an accumulation of many 
fracture events and can be characterized by relating the applied load to the density 
of transverse crack (number of cracks per unit length). Several analytical approaches 

involving a stress analysis scheme and an approximate failure criterion have been 

reported to analyze the transverse cracking problem. Garrett and Bailey [1] used the 

shear-lag assumption to analyze the stress state of damaged laminates and used the 

first ply failure criterion to predict the propagation of a transverse crack. Flaggs [26] 
also used the classical shear-lag assumption for the analysis of stress field and used 

the strain energy release rate for fracture analysis. Wang et al. [27] presented their 

simulation model for the growth of multiple transverse cracks subjected to both static 

and fatigue loads by introducing statistical distributions for effective flaw size and 

location in the 90° plies. Laws and Dvorak [28] investigated progressive cracking 
based on statistical fracture mechanics, in which the classical shear-lag theory was 

used to calculate the stresses and the strain energy release rate for failure and an 

empirical probability density function for the location of new cracks. Nairn [25] gave 
an explicit formulation by using the variation approach proposed by Hashin [ 17] to 

calculate the thermoelastic stress state and the strain energy release rate criterion to 

relate the applied load to the crack density. Liu and Nairn [ 10] corrected a mistake on 

the explicit formulation of Nairn [25], and further improved formulation by introduc- 

ing a correction factor of crack spacing. They also conducted experimental work to 
validate their model, in which they matched the predicted results with the experimen- 
tal data by varying the fracture toughness and the correction factor of crack spacing. 
Han and Hahn [20] developed a model to characterize multiple transverse cracks, 

using a resistance curve based on the concept of a through-the-thickness inherent flaw 

and energy balance principle. Zhang et al. [29] used the improved two-dimensional 

shear-lag analysis to calculate the stress distributions in the damaged laminates and 
the corresponding strain energy release rate due to transverse cracking and predicted 
crack growth with increasing applied load by employing the resistance curve concept. 
As opposed to the above models, Guild et al. [30] developed a three-dimensional finite 
element model to investigate the growth of transverse cracks in the width direction of 

cross-ply composite laminates, based on the concept of strain energy release rate. 
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In all the previous research work except that of Guild et al. [30] on the fracture 

analysis of transverse cracking, multiple transverse cracks are assumed to span the 
entire thickness of the 90° plies and the entire width of laminates. The accumulation 

of damage is essentially due to multiple transverse cracks only. The problem in 

which the transverse cracks only partly span the thickness of the 90° plies has not 
been addressed in the previous studies. In this paper, an analytical model based on 
the principle of minimum potential energy [31 ] is developed and applied to study 
the stress field in a laminate containing an inherent flaw within 90° ply group. The 

computed stress field is used to calculate the strain energy release rates associated 
with two fracture modes; formation of a new crack and the extension of a pre-existing 
crack. The analysis includes the effect of residual thermal stress. The strain energy 
release rate criterion has been employed to evaluate the critical applied stresses for 

the two fracture modes and competition between formation of a new crack and the 

growth of a pre-existing crack. Finally, the parametric studies on transverse cracking 
problem are done for two systems of composite materials, [0°/90°Is ceramic/ceramic 

(SiC/ 1723) and [0° /90g]s glass/epoxy laminates and analytical results are compared 
with the available experimental data. 

2. FORMULATION 

A schematic edge view of a composite laminate considered in this analysis is shown 
in Fig. 1. The laminate consists of 0° plies and 90° plies. Each of the 0° and 90° 

ply groups is assumed to be homogeneous and orthotropic. The interfaces between 
the fiber and the matrix and between two adjacent plies are assumed to be perfectly 
bonded. A remote tensile stress (TO is applied in the longitudinal direction. The 
transverse matrix cracks are identical and equally spaced at 2L in the 90° plies and 
are of length 2a. The crack density, number of cracks per unit length along the 

longitudinal direction, is defined as r = 1/(2L). The thickness of the 90° ply group 
is denoted by 2w. Unlike in the previous analytical models [1, 10, 20, 25-29], the 
crack length can be less than the thickness of the 90° ply group. 

The cracked laminate is taken to be infinitely long in the longitudinal direction so 
that the mid-plane between any two consecutive cracks is a plane of symmetry and the 

longitudinal displacement on this mid-plane is uniform. With the above assumption, 
the problem shown in Fig. 1 can be idealized to the one in which a fixed displacement 
Vo is applied on the ends of a sub-laminate in the longitudinal direction as shown in 

Fig. 2a. The fixed displacement can be related to the applied stress ao by 

, 

where Ec and ac are the effective axial modulus and the effective axial coefficient of 
thermal expansion of the cracked laminate, respectively, and AT is the temperature 
change from stress free to service. A rectangular coordinate system is set up, with the 
x-axis coinciding with the crack plane and the y-axis coinciding with the orientation 
of the 0° plies, as shown in Fig. 2a. Further, due to symmetry of the sub-laminate 
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u 

Figure 1. Evolution of microcracks in 90° plies in (0§, /90§1; laminates subjected to tensile loading: 
(a) formation of new microcracks; (b) extension of pre-existing microcracks. 

with respect to both x-axis and y-axis, only one quarter of the sub-laminate need be 

considered in the analysis. The sub-laminate is divided into several strips (elements) 
in order to carry out the numerical analysis. Note that no element spans two adjoin- 
ing plies so that each element is homogenous and has a set of orthotropic material 

properties that correspond to the ply group in which the element is situated. A typical 

arrangement of these longitudinal elements is shown in Fig. 2b, and the element is 

identified by index i = 1, 2,..., M. 
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Figure 2. Equivalent sub-laminate showing the discretization scheme. 

2.1. Total potential energy 

For element i, let the displacements be Ui (y) and V¡(y) in the x- and y-directions, 
respectively. Using the finite-difference method, the strain-displacement relations for 
element i in the rectangular coordinate system can be approximated as follows: 
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With reference to Fig. 2b, the orthotropic stress-strain relations for element i can be 
written as 

where crx, C, and Cj are the orthotropic elastic constants for element i, and a; 
and at are the thermal expansion coefficients in the x- and 

v-directions, respectively. 
These constants can be expressed in terms of the engineering constants of the lamina 

in which the element i is located and are listed in Appendix. 
For this problem (Fig. 2b), the displacement boundary conditions are 

and the non-trivial force boundary condition does not manifest itself. The trival force 

boundary condition is not required in the numerical analysis based on the principle 
of minimum potential energy [32]. 

Based on the strain-stress relations, equations (5)-(7), we can express the strain 

energy U in the following form, 

where h is the width of the sub-laminate (in the z-direction) and will be taken as 

unity. 
In the absence of the non-trivial force boundary condition, the potential energy is 

equal to the strain energy. After substitution of equations (2)-(4) into the above equa- 
tion, the potential energy np can be obtained in terms of the displacement components 
as 
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The principle of minimum potential energy (PMPE) for a sub-laminate subjected to 
a fixed displacement in the longitudinal direction on the ends may be expressed as 

along with equations (8) and (9). However, by employing the Lagrange multiplier 
method, which has wide applications in the variational methods in elasticity and 

plasticity [32], the PMPE can be modified as 

where and h? are the Lagrange multipliers, and h? is zero for the cracked ele- 
ments. This form will be referred to as the modified principle of minimum potential 
energy (MPMPE). The constrained displacement boundary conditions which appear 
in the PMPE are not generally included in the MPMPE. This means that some of the 

problems with the displacement boundary conditions that are not easily amenable for 
solution using the PMPE could be solved by employing the MPMPE. 

2.2. Numerical solution 

Using the PMPE or the MPMPE, an approximate computation of displacements and 
stresses can be carried out. The procedure consists of first selecting the displacement 
functions containing some unknown parameters and, then, determining these unknown 

parameters by requiring the corresponding potential energy np or np to be a mini- 
mum. The displacement boundary conditions are required to be satisfied a priori for 
the PMPE, while this is not required for the MPMPE. In general, if the chosen dis- 

placement functions easily satisfy the displacement boundary conditions, the PMPE 
will be employed; otherwise, the modified PMPE will be employed. 
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We introduce the following set of power series for the displacement functions 

where T is the order of a power series, and and Bt are the unknown parameters yet 
to be determined. Substituting equations (14) and (15) into the energy equation (11), 

completing the integral, performing the variation and then using the MPMPE, equa- 
tion (13), a system of linear algebraic equations can be obtained. Since the coefficient 

matrix of this system of linear algebraic equations is symmetric, only one-half of this 

system needs to be written as shown. 
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where s' and i vary from 0 to T and 1 to M, respectively. 
Once this system of governing equations for the unknown parameters As, Bs, and 

h? are solved, the complete displacement and stress distributions can be determined. 
The corresponding strain energy can be calculated by using equation (11), which will 

be applied to the failure analysis of transverse cracking. 

Recalling equation (1), the effective axial modulus and the effective axial coefficient 

of thermal expansion of the cracked laminates can be given as follows, 

where Vol and V02 are the distinct applied displacements on the ends of sub-laminates, 
and 0"01 and 0"02 are the axial stresses on the ends corresponding to the applied dis- 

placements Vol and Vo2, respectively. 
Since the thermal effect is included in the analysis, the strain energy U varies as a 

parabolic function of the applied displacement Vo as follows: 

U # Ua + Ub V0 + Uc Vl ' (22) 

The coefficients Ua, Ub and Uc are independent of the applied displacement Vo, but 

depend on the crack configuration of the sub-laminates, the material properties and 
the thermal effect. They can be determined by the following equations: 
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where Vuj , V02 and V03 are three distinct values of the applied displacement, and Ul, 

U2 and U3 are the corresponding values of the strain energy of the sub-laminates, 

respectively, which are calculated by using equation (11). 

The strain energy of the cracked composite laminate per unit length can be expressed 
in terms of 

where Vtotal = vor is the total applied displacement on the cracked laminate. 

2.3. Fracture analysis 

The strain energy release rate G is given by 

where A is the total area of crack and Vtotat is the total applied displacement. 

As mentioned earlier, two failure modes are considered in this paper: one is the 

formation of a new transverse crack and the other is the extension of pre-existing 
cracks (Fig. 1). First, the strain energy release rate for the formation of a new crack 

is derived. Since the axial stress Œy is maximum on the midplane between two 

adjacent cracks, a new crack is likely to form on this plane. After the formation of 

new cracks, the crack density will double to 2F. From equation (26), the change in 

the total strain energy Utotal due to the formation of new cracks can be obtained as 

and the change in the crack area due to the formation of new cracks is given by 
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Substituting equations (28) and (29) into equation (27), the strain energy release rate 
for new crack formation can be obtained as, 

Similarly, using equations (26) and (27), the strain energy release rate for the extension 

of pre-existing cracks is given by 

If the strain energy release rate is employed, the critical applied displacements for 
two failure modes, Vcnew and Vccx can be calculated by 

where Gc is the fracture toughness of lamina in transverse direction. 

Using equation (1), the critical applied displacement Vcncw and Vcex can be converted 

to the critical applied stresses for the formation of new cracks and the extension of a 

pre-existing crack, act and as follows, 

By comparing the magnitude of a,,, with that of Œce, the mode of failure can be 
determined. If own < ace, new cracks will be formed while if on > o-ce the crack will 

extend in a self-similar fashion. 
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3. RESULTS AND DISCUSSION 

A computer code has been developed to solve the system of governing linear algebraic 

equations (16)-(19) for A/, Bj' , hi and Ar, and then to compute the strain energy, 
effective axial modulus and effective axial thermal expansion coefficient for different 
crack and laminate configurations. The critical applied stresses an and (Tee can be 

obtained, if the fracture toughness Gc is known. A uniform mesh with 60 elements 

for each lamina is employed in the numerical computation. The order of power poly- 
nomials (T) in equations (14) and (15) is taken to be 9 for all cases for a satisfactory 
convergence of the numerical solution. In the parametric studies, two systems of 

composite materials, glass/epoxy and ceramic/ceramic (SiC/1723) are considered. 
The material properties used in the model predictions are given in Table l. 

Figures 3 and 4 show the effective axial modulus of the laminate as a function of 

the crack density for a fixed crack length in a [03/90° Js SiC/ 1723 and a [0'/90']s 
glass/epoxy laminate, respectively. The effective axial modulus is dependent on the 
crack density as well as the crack length; an increase in both crack density and crack 

length leads to a reduction in the effective axial modulus, as expected. The variation 
of the effective axial coefficient of thermal expansion due to transverse cracking is 

investigated and presented next. Figures 5 and 6 show the effective axial coefficient 

of thermal expansion as a function of the crack density for a fixed crack length for a 
SiC/ 1723 and a [0° /9031s glass/epoxy laminate, respectively. The change 

in the effective axial coefficient of thermal expansion due to transverse cracking is 
much more significant in the case of SiC/ 1723 laminates than that of glass/epoxy 
laminates. For a special case with the r = 1.0 and a/w = 1.0, the value of ac 
decreases from 15.20 x 10-6 ¡OC to 10.3 x 10-6/,C for the [0° /90£]s glass/epoxy 
laminate as compared to 3.65 x 10-6/°C to 3.55 x 10-6/°C for the SiC/ 1723 laminate. 

The variation of the critical stress for new crack formulation as a function of the 
crack density for the various values of the crack length for a l03/900]s SiC/1723 

composite laminate is plotted in Fig. 7. The critical stress for new crack formation 
increases as the crack density increases, implying that the formation of new cracks 

Table 1. 
Matelial properties used in the model predictions 
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Figure 3. Effective axial modulus as a function of crack density for a fixed crack length for a [0§ /90° Is 
SiC/ 1723 laminate. 

Figure 4. Effective axial modulus as a function of crack density for a fixed crack length for a [0°/90]]> 
glass/epoxy laminate. 
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Figure 5. Effective axial coefficient of thermal expansion as a function of crack density for a fixed crack 
length for a [03/90°]S SiC/1723 laminate. 

Figure 6. Effective axial coefficient of thermal expansion as a function of crack density for a fixed crack 
length for a [0°/903]s glass/epoxy laminate. 
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becomes stable with the increasing applied load. However, the effect of the crack 

length on the critical stress for new crack formation is more complicated. When the 

crack density is less than 1.0/mm, larger critical stresses for new crack formation 

correspond to a smaller crack length. When the crack density is more than 1.0/mm, 
the situation is opposite. When the crack density r is approximately 1.0/mm, the 
critical stress for new crack formation is almost independent of the crack length, 
and this will be referred to as transition crack density rt. The results corresponding 
to crack length a/w = 0.2, however, do not follow the same trend. A possible 

explanation is that the crack length a/w = 0.2 belongs to small crack case and there 

is no interaction between adjacent cracks. Figure 8 shows the critical stress for new 

crack formation as a function of the crack density for different values of the crack 

length for a [0°/903]S glass/epoxy laminate. The glass/epoxy laminate exhibits the 

same behavior as the SiC/1723 laminate. The difference is in the transition crack 

density rt = 0.65/mm for the [0°/903]s glass/epoxy laminate. 
The critical stress for the extension of a pre-existing crack is calculated as a function 

of the crack density for various values of the crack length and plotted in Figs 9 

and 10 for a [0£ /90°]s SiC/ 1723 and a [0°/903]S glass/epoxy laminate, respectively. 
For a given crack density, the critical stress for the extension of a pre-existing crack 

decreases as the crack length increases; the self-similar extension of a pre-existing 
crack is unstable. Once the applied stress reaches the critical stress for a certain 
crack configuration, pre-existing cracks will grow until they impinge on the 0°/90° 
interface. Also, for very low crack density, the critical stress for crack extension 
decreases with the crack density. For higher crack density, the critical stress for crack 

extension increases slightly with the increase in the crack density. 
Comparing Fig. 7 with Fig. 9 and Fig. 8 with Fig. 10, we find that for any crack 

configurations, the value of the critical stress for crack extension is always less than 
that of the critical stress for the formation of new cracks. Therefore, the extension 
of the pre-existing cracks in 90° plies will take place first, once the applied stress 

reaches the corresponding critical stress and they will grow unstably until the crack 

tips reach the 0°/90° interface. Then, the formation of new cracks in 90° plies will 

begin. 
In order to validate the results presented in this paper, a comparison between the 

model predictions and the available experimental data is presented in Figs 11 and 12 

for a [00/90']s SiC/1723 laminate and a [0°/903]5 glass/epoxy laminate, respec- 
tively. Experimental data for both SiC/1723 and glass/epoxy laminates show that 
the crack density increases with an increase in applied stress and then a saturation 
state is reached at which point the cracks do not multiply with the increasing stress 
level. This characteristic saturation density for the SiC/1723 laminate is approxi- 
mately 1.75 cracks/mm while the corresponding density for the glass/epoxy laminate 
is approximately 1.75 cracks/mm. The model predictions agree fairly well with the 

experimental data below the corresponding characteristic saturation densities. How- 

ever, the model predictions do not show a saturation density; crack density continues 
to increase with the applied stress. In experiments it has been observed that, at the 
saturation density, extensive debonding at the 0°/90° interface takes place. The pro- 
posed model in the current form does not account for this change in the failure mode. 
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Figure 7. Critical stress for new crack formation as a function of crack density for different values of 
crack length for a [0]/900]s SiC/ 1723 laminate. 

Figure 8. Critical stress for new crack formation as a function of crack density for different values of 
crack length for a [0° /903 Js glass/epoxy laminate. 
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Figure 9. Critical stress for the extension of an existing crack as a function of crack density for different 
values of crack length for a SiC/ 1723 laminate. 

Figure 10. Critical stress for the extension of an existing crack as a function of crack density for different 
values of crack length for a [0'/90']s glass/epoxy laminate. 

D
ow

nl
oa

de
d 

by
 [

Si
au

liu
 U

ni
ve

rs
ity

 L
ib

ra
ry

] 
at

 0
7:

24
 1

7 
Fe

br
ua

ry
 2

01
3 



100 

Figure 11. Comparison of analytical predicted results with the experimental data for a [03/900]s SiC/ 1723 
laminate with transverse cracks of length a/w = 1.0. 

Figure 12. Comparison of analytical predicted results with the experimental data for a [0°/903], glass/epo- 
xy laminate with transverse cracks of length a/w = 1.0. 
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The authors are planning to include the combined transverse cracking and interface 

debonding at the 0°/90° interface in their future investigations. 

4. CONCLUSIONS 

The analytical model developed in this paper based on the principle of minimum 

potential energy can be used to analyze the formation and the extension of transverse 

cracks in the 90° plies of [0°,/90°]s composite laminates. By comparing the results 

presented in this paper with the available experimental data, it is found that the results 

predicted by the numerical approach are reliable, albeit in the early stages of damage 
evolution. By analyzing the computed results, it is found that the fracture process of 

cross-ply laminates containing transverse cracks in the 90° plies includes two stages: 
the first is the unstable extension of pre-existing cracks until the crack tips reach the 

0°/90° interface, and the second is the stable formation of new cracks. 
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APPENDIX 

If element i is located in the 90° plies, the elastic constants Crx, Ci y, Cry and Clg, 
can be written in terms of 
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and if element i is located in the zero plies, the elastic constants can be given as 
follows 

If element i is located in the 90° plies, the thermal expansion coefficients at and a( 
can be expressed as 

and if element i is located in the 0° plies, the thermal expansion coefficients at" and 

a/ can be written as 
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